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Abstract auction — the corresponding algorithmic problem (select-

We study a generalization of the classical secretary prér%gnt_?ﬁvgﬁémgénaelegi?;];iixvgrs(;ifg;e dizqroegg?rt;]ias no
lem which we call the “matroid secretary problem”. In thid PP 9

problem, the elements of a matroid are presented to an Sgrjstralnts.

line algorithm in random order. When an element arrivelgicentive constraints. It is exceedingly rare for an online
the algorithm observes its value and must make an irrexagorithm to achieve exactly the optimum value of its ob-
cable decision regarding whether or not to accept it. Tjetive function in the worst case. (At best, one hopes for
accepted elements must form an independent set, and theaobsnstant competitive ratio.) This means that, in general,
jective is to maximize the combined value of these elemengsie cannot design truthful mechanisms using the VCG par-
This paper presents ad(log k)-competitive algorithm for adigm. In fact, it has been shown that even for a simple
general matroids (wherte is the rank of the matroid), andexpiring-goods model where constant-competitive aliocat
constant-competitive algorithms for several special €@se rules exist, there is no truthful online mechanism achigwn
cluding graphic matroids, truncated partition matroidsd anontrivial approximation to the optimum social welfareJ11
bounded degree transversal matroids. We leave as an open

question the existence of constant-competitive algorstfon : .
. L . Recently, it has been observed that these constraints are
general matroids. Our results have applications in welfare

S X X ) . —considerably less severe when one assumes that agents ar-
maximizing online mechanism design for domains in which® ™. o
Tive in random order. For example, the algorithmic prob-

the sets of simultaneously satis able agents form a matr0||%m corres ) : . .
ponding to the single-item auction then becomes
: the famoussecretary problemintroduced by Dynkin [3],
1 Introduction i.e. the problem of selecting the maximum element in a
Online mechanism design concerns markets in which ageatsdomly-orderedsequence. This observation leads to a
arrive and depart over time. In this paper we consider ttieh interplay between secretary problems and online mech-
goal of welfare-maximizatiohand seek truthful mechanismsanism design [7, 10]. On one hand, existing algorithms
which provide a guaranteed performance with respect to tfos secretary problems can be transformed into trutnduak
goal. line mechanisms which are constant-competitive for agents
As in the of ine counterpart, such online mechanismwith random arrival order. On the other hand, the goal of
design problems suffer from two key dif culties: computaeesigning online mechanisms for unit-demand multi-item
tional constraints and incentive constraints. Progresarn auctions has led to the formulation and solution of new
proving positive theoretical results in the online settires multiple-choice secretary problems interesting in th&mno
been considerably slower than in the of ine setting, laygetight. Can we extend these techniques and design truthful
because both of these constraints are considerably morece@stant-competitive mechanisms for online domains with
vere in the online setting: richer combinatorial constraints on the feasible allawai?

Computational constraints. The model of online compu- This question has not been answered o date because of

tation imposes severe restrictions on the class of allocatf lack of algorithms for these sorts of generalized seqretar

rules which can be implemented. Even for the simplestimaprpblems' Despite the rich literature on generalizations o

inable online mechanism design problem — a single—ite%cretary problems (see [6] for a survey), we are not aware

of any previous work on multiple-choice secretary problems
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problem, which we call thenatroid secretary problerand algorithm must contend with the fact that the second piece
design algorithms and truthful mechanisms for this problewfithe partition (i.e. the set of elements remaining after th
and its special cases. In a matroid secretary problem, thesaimpling phase of the algorithm) arrives online.
ements of a matroid are presented to an online algorithm in The rest of this paper is organized as follows. Section 2
random order. As each element arrives and reveals its valyiges precise de nitions of the algorithmic model (the ma-
the algorithm must make an irrevocable decision whetherttoid secretary problem) and the strategic model (matroid
select the element, with the constraint that the set of all slvmains). Section 3 presents a log-competitive algorithim f
lected elements must be an independent set in the underlygegeral matroids as well as a discussion of whether constant
matroid. The objective is to maximize the combined valwempetitive algorithms exist in general. Sections 4 and 5
of the selected elements. The case of uniform matroids ogize constant-competitive algorithms for the transveasal
responds to the multiple-choice secretary problem consigtaphic matroids, respectively. Finally, Section 6 de res
ered in [10]; that paper provides a constant-competitive &luncationoperation which generalizes the notion of supply
gorithm for that special case.In this paper, we design anconstraints to the matroid setting, and notes that if a rigatro
O(log k)-competitive algorithm for general matroids (wherdomain has a constant-competitive secretary algorithem th
k is the rank of the matroid), and give constant-competitiegery truncation of that domain has a constant-competitive
algorithms for several special cases including graphic neecretary algorithm. Each of the algorithms we describe can
troids, transversal matroids of bounded left degree, agid ttbe implemented by a truthful mechanism.
truncations. We leave open the question of whether there is
a constant-competitive secretary algorithm for general ma Model
troids. . . . The main technical results in this paper address algorithms
Connecting these results to mechanism design, we Foer'the matroid secretary problema generalization of the
ne a notion of matroid domainsa special case dfingle- lassical t b)ll P | thmgt] id t b
value domains[1l] which themselves generalize single(—: assical secretary problem. in rold secretary prob-
lem, there is a matroftiwith ground setU and independent

minded combinatorial auctions [12, 14]. In matroid domainssetsl and a weight function assigning a weighti ) to each
there is a set of outcomes, each agentis characterized by ' 9 gning

2feni 2 U. We wish to design an algorithm which given

of satisfying outcomeand a value for receiving one of thes?rIe matroid structufe(U: 1 ) (but not the weightsv(i)) se-
outcomes, and for every pro le of types the sets of agents '

who can be simultaneously satis ed constitute a matroid. %cf[s online an independent set of (approximately) maximal

key example of a matroid domain is theit-demand domain we_lght in the foIIovymg setting. The ground S.Et of the ma-
troid is presented in random order to the online algorithm.

corresponding to transversal matroids, in which there is aThe algorithm maintains a s8tof selected elements. When

nite set of goods for sale and each agent wants to receive QN8 cment arrives, the algorithm leamns the weighti) of

good from a spec ed subset of the set of all good;. For CAHL element. IS [f igis an independent set, the algorithm
of the algorithmic results quoted above, we provide an ac-

4 ) i may choose whether to seldcfi.e., S S[f ig). Note,
companying truthful mechanism for the corresponding ma- . algorith s heth | |
troid domain. the algorithm must decide whether to select an element be-

. - . . fore the next element arrives, and it is not allowed to later
It is also worth mentioning the thematic connection be- X .

) iscard selected elements. The goal of the algorithm is to
tween our work and recent work on random sampling meth-

. A .~ output a nal selected se& of maximum weight. If the ex-
ods for approximate revenue maximization in truthful ogin . 4
. . pected weight of the selected set (over a uniform random or-
mechanisms [2, 4, 5, 8]. In those works, the mechani

randomly partitions the set of agents and sets prices for &ing of elements) is always withincefactor of the weight

agents in one piece of the partition based on information (?e%he maximum weight basis for any assignment of weights

rived from the “sample set” consisting of the other pieces gfthe ground set, we say the algorithntisompetitive or a

. . . C- roximation. We call such an algorithnretroid secre-
the partition. Similarly, our mechanisms sample a const nz?pp g

X ; 4 ) - ary algorithmand the problem it solves is theatroid sec-
fraction of the input without making any decisions and then .
. i : : .. Ttetary problem Although we chose not to specify computa-

use information from this sample to guide future decisions. . o e .
: : : . . tional ef ciency as part of our de nition, it is worth noting
While sampling constitutes an important shared techmq[ &t all algorithms we present in this paper are polvnomial
between our paper and [2, 4, 5, 8], most of their techniques 9 P pap poly

are not directly applicable to the online setting, becabse t—, _ _
A matroid (U; 1) is constructed from a ground skt 6 ; and a

nonempty family of subsets &f, called theindependensubsets ol, such
3A key distinction between [7, 10] and ours is that their meiéms are thatifB 2| andA B thenA 2| (I is hereditary). Additionally, if

temporallystrategyproof in the sense that agents can not gain by atiegst A;B 21 andjAj < jBj, then there is some elemen2 B n A such that

their arrival times and/or understating their departumees. In our setting, A [f xg 21 (exchange property).

agents depart immediately after arriving and hence our arésms are 5As noted throughout the text, many of our algorithms work seting

trivially temporally strategyproof. where the matroid structure is revealed online as well.




in the succinct representation of the matroid. Note this idsaa setS of at mostk agents (winners), such that each agent
generalization of thelassical secretary probleintroduced in S gets an item. The underlying matroid of the preference
by Dynkin [3] in which the independent sets are precisetiomain is then theniform matroidof rankk.

the sets of singletons (i.e. the uniform matroid of rd)k pomain 2: Unit-Demand Domain There aren agents, and
Throughout this paper we will make the simplying assumg-¢atM of m non-identical items. Each agenhas a set

tion of well-behaved inputsmeaning that elements of thel—i M of desired items, that is, ageinbas a value of; if
matroid have distinct values unless their valu®.isThe as- o gets an itemji 2 T;. An outcome is one-to-one matching

sumption is essentially without loss of generality, beeaug agents to items. The underlying matroid of the preference
any algorithm which achieves competitive rai@n well-  4omain is then theransversal matroid

behaved inputs can be easily transformed into an algorithm , . . .
which is(1 + ")c-competitive onall inputs (the proof is de- Domain 3: Gammoids In the gammoid matroid domain,
ferred to the journal version). the agents correspond to sources in a graph, all of which

The matroid secretary problem can be used to desi%ﬂ"?h to be routgd toa common sink. A :@tof_ Sources
online mechanisms famatroid preference domaina spe- IS Independent if there exist internally vertex-disjoiathps

cial case oingle-value preference domairia single-value "0Uting éach source i§ to the sink.

preference domainghere is a setl of n agents with pref- Domain 4: Graphical Matroids In the graphical matroid
erences over a set of possible outcomes. The preferencdomain the agents are the edges of an undirected graph
domain issingle-valuedf each agent has avaluev; 2 <, G = (V;E). A set of edges is independent if it does not
and asatisfying setj; of outcomes such that ageint contain a cycle in the graph.

obtains valuey; from outcomes imA; and0 from outcomes pomain 5: Truncated Partition Matroids There aren

innA;. We will occasionally use; : !f 0;1gasan agents, and a sél of m non-identical items. Each agent
indicator function for the seA; (i.e.,xi(!) =1 ifand only \ants to buy exactly one of the items M (and is not
if 12 Aj). We assume the valug of an agent is private satis ed by any other element f ), but the seller is allowed
information known only to hif. A setof agent$ U is 1o sell onlyk  m items. The underlying matroid of the
independentf there is an outcomé 2 that salis €s ex- preference domain is thentauncated partition matroicbf
actly the agents its (i.e.,x;(! ) = L ifand only ifi 2 S). rankk.
A single-value preference domain israatroid domairif for
any pro le of types the family of independent sets of agents In the online setting, agents arrive in a random order.
form a matroid over the séf of all agents. Similarly, given When an agent arrives, he announces a vaflle The
a matroid, it is possible to de ne the corresponding matroidechanism then must commit to either choosing an outcome
domain where the agents are the ground set of the matrbid,2 A; or an outcome! 62 A; as well as a price
the satisfying outcomes for an agent are the independent pet After all agents have arrived, the mechanism chooses
which include the corresponding element, and the valud a nal outcome! which satis es all prior commitments.
an agent is the weightw(i) of the corresponding element Alternatively, one could describe the mechanism as chgosin
in the matroid. online an independent s8tof agents and a prige for each

Matroid domains are of particular economic interesagenti 2 U. Our goal is to design mechanisms which are
For example, transversal matroids correspond to preferetrathful (each agent maximizes hidility vi xi(!' ) pi by
domains in which agents have unit demand, are indiffer@mnouncing his true valug for any declaration of the others
between a subset of goods, and are unsatis ed by the remaind any ordering of agents) anthximize the social welfare
ing goods as might be the case when allocating condos iﬁhse nal outcome! is the one which maximizes the sum
complex to agents with preferences of the sort “l wantto live ;, Vi Xi(! )). Our nal mechanisms will fall short of this
on the rst oor” or “l want a south-facing window”. Some goal and instead approximately maximize the social welfare
examples of matroid domains include: We say a mechanism scompetitiveor a c-approximation

if for any pro le of types the expected social value of the

Domain 1: Sellingk Identical ltems There aren agents, selected outcome is within a factor ofof the maximum
andk identical items. Each agent wants to buy a single itesgcial welfare. Typically (and in all cases derived in this
and agent has a value o¥; if he gets an item. An outcomepaper), ac-competitive algorithm for the matroid secretary
problem implies ac-competitive online mechanism for the
corresponding matroid preference domain.

6The domain described here is called #mownsingle-value domain
as the sefA; of desired outcomes for agentis assumed to be public
knowledge (creating a single-parameter domain). It is pdssible to de ne A distinction can be made based on whether theTsebf desired
theunknownsingle-value domain in which the s&f is private knowledge, items for agent is private knowledge. The algorithms we develop for this
but coming from publicly known family of possible sets. Wens@ler the domain are truthful regardless of this distinction. SeetiSeet for further
unknown setting in Section 4. discussion.




3 An Algorithm for Matroid Domains 3.1 Lower bound for general set systems

Ourwprk focuses on matroid domains. Intuitively, matrmg r an integem with k = bin(n)c, let (U:1) be the
domains are more likely to be tractable than general se g

: . . . : .. Set system de ned as follows. The st consists ofn

systems since in the of ine setting a simple greedy algamith o ) T T

o L . elements partitioned inttn = dn=ke subsetsS;;:::;Sm,

selects the welfare-maximizing solution (i.e. the maximum

weight basis). In fact, our hypothesis is treaty matroid ea_ch havindc (_)r_k_ L elements_. Aseh U b_elongs to
: I . I if and only if it is contained in one of the pieces of the
domain has a constant-competitive algorithm.

partition, S;. Suppose that we assign independent random
QuEsTION 1. Is there an algorithm which is constant comvalues inf 0; 1g to the elements of) such that for eacly,
petitive for every matroid domain? w(x) = 1 with probability1=k, 0 with probabilityl 1=k.

It can be shown (see Appendix A) that various intu-
itively natural algorithms fail to be constant-competitiFor THEOREM3.1. The expected value of the maximum-weight
example, it is impossible to achieve a constant competitiet inl is (log n=loglogn). For any randomized online
ratio using any algorithm which observes elements untildtgorithm to select a set ih, the expected value of the set
reaches a (possibly random) stopping timesets a thresh- selected when the elements are presented to the algorithm in
old value at time , and selects every subsequent elemg@ndom order is less thai
which is independent of the previous selections and exceeds

the threshold value. Another intuitively natural algonth p oo Suppose the algorithm makes its rst selection at
observes a constant fraction of the elements (the “samplgrle t and that it chooses an element2 S;. All future
without making any selections. Afterward, it keeps track @jections must be elements®f Let T; be the subset &
an independent set which is initially a maximum-value iR nsisting of elements which have not yet been observed at
dependent subset of the sample. Whenever it is possiblgiQs t. The values of the elements f are independent of
improve the value of the independent set by incorporatigg the information observed up to tinigthere are less than
the current element (and possmly swapping out one of & ements inT; and each of them has expected vale,
elements of the sample) the algorithm selects the currenty the expected combined value of all remaining elements
ement and incorporates it into the independent set. Thisghich the element could potentially select after tinig less
gorithm, too, fails to be constant-competitive. than1. The only element selected up to tirhés x, whose

We do not yet know how to settle Question 1, byfajye js at most. This proves that the expected value of the
we present a series of results supporting an af rmative af)s; sejected by the algorithm is less ti2an
swer which are interesting in their own right. First, we Tphe proof that the expected value of the maximum-
qbserve that the assumption _of matroid domains is eSS@Right setin is (log n=loglogn) is similar to a standard
tial. Namely, for some hereditary set systems, there is pQiis_in-bins calculation [13]; we include it here to make
constant-competitive algorithm. (In a matroid, choosing o exposition self-contained. Lgt = bk=(2In(k))c
suboptimal element can exclude at most one element of the, letE; denote the event that at legselements ofS;

maximum-weight basis from being selected in the futurgaye valuel. The probabﬂity ofE; is at least(1=k)!

In general set systems, this property does not hold; a Sdfim p)ynn=2ininn "= 1 ="7. Since the eventE; are
gle early mistake can exclude a large number of eleme”tsrrﬂfependent foi = 1:2:::::m, the probability that none
the optimum from being selected afterward.) Next we shQWihem occur is at mogl 1= m)™ = o(1): If at least one

that there is an algorithm which is logarithmically CompetbventEi occurs, then the maximum-weight element dias
tive for any matroid domain. The following sections preseWeight atleast = (log n=loglogn):

improved algorithms with constant competitive ratio foesp
ci ¢ matroid domains of particular economic or combinato-
rial interest. 3.2 Logarithmically competitive algorithm

We remark that there are alternative assumptions which ~ for matroid domains
also generalize the multiple choice secretary problem@jf [1
to matroids: one could assume that the seh afumerical The above result demonstrates that without imposing any
values are assigned to the matroid elements using a rstndcture on the preference domain, it is impossible to
dom one-to-one correspondence (the “random assignmexahieve constant competitive algorithms. Unfortunately,
model) but that the elements are presented in an adversatiahot know how to prove that constant-competitive algo-
order, or that both the assignment of values and the ordeniitgms exist for general matroid domains. However, it is not
of the elements in the input are random (the “random ordw®ard to see that the following simple algorithmQglog k)-
and random assignment” model). Question 1 appears tocbhenpetitive for any matroid domain whekeis the rank of
non-trivial in all of these cases. the matroid.



Threshold Price Algorithm Assume from now on that > 1, and note that
) o ni(B ) = i by denition. We condition on the event
1. Observes = dn=2e elements without picking anyg 4t the sample contains the maximum-weight element
element, andled U be the set of observed elements, e matroid and thaf, the threshold-setting parame-
(S is called thesamplg. ter in step 2 of the algorithm, is such tha#(l )=2/ is
the maximum element less than or equalvfoin the set
| = argmax,,s(w(l)). Pick a random number fW( )Jiw(l )=2;2: w(l )zzdk_)g “g. Under the assump-
betweerD anddogke. Thethreshold pricewill be the tON thatvg  vi=k, for everyi such g exists, and the al-
weight ofl , w(l ), divided by2 . gorithm has aL:Iog(.k.) probability of .selectmg thig. Thu.s
eventE has probabilityl=(2 logk). Given evenk, there is
3. Initialize the set of selected elemeBtdo be the empty an independent sét of size at least each of whose values
set. exceeds the threshold price (namdlyy;:::;Xig). In ex-
pectation, atleagi 1)=2 i=4 elements ofA appear in
the second half of the input. By the exchange property, this
implies that the expected value j@j conditioned on event
E is at leasi=4.8 As every element oB has value exceed-
ing the threshold price which is at leagt2, m;(B) = jBj
conditioned on everE. Removing the conditioning, we see
that the expected value of; (B) is at leas{1=8 logk) times
n;(B ) for eachi.

2. Letl 2 S be the element db with maximum weight:

4. Letl; be the element iV nS observed at time =
s+ 1;::0n. If w(ly) w(l )=2 andl; [ B is an
independent set, then selécti.e.,.B := B[ [).

THEOREM3.2. The threshold price algorithm 32dlog ke-
competitive for any matroid domain whekeis the rank of
the matroid.

Proof. Let B denote the max-weight basis of the matroic|i:2 1 The threshold ori lqorith d. tak
consisting of elements, ; :::; Xk with valuesvy; :::; vk, such EMARK 1. The threshold price algorithm, as stated, takes

thatvi V2 i V. Letqbe suchthat, vi=k the rank of the matroid as an input. However, at the cost
and either = k or vger < vi=k. Note that the eIementsOf a constar_1t factor in 'Fhe competitive ratio, the algorithm
of B whose value is less than=k sum up to less thancan be modi ed so that it does r_10t need _to know the value of
v1, so they contribute less than half the valueBof; hence k at the start_ (and thus the_entlre mgtrmd structur_e may be
Vi + Va+ 11+ Vg is more than half the value & . revealed onlme).. Ir_15tead, it can estimadteo be twice the_ '

For any setA U , let n;(A) denote the number 0frank of the matroid |.nduced on the sampled elements. ThI'S is
elements oA whose value is at least and letm; (A) denote never more than_ t_wu_:e_the true rank of the matroid, and with
the number of elements @ whose value is at least=2. constgntprobabmty is it atle_ast equal t(_) thgtrue rankoé t
The sum of they largest values of elements Bf is then matroid. A formal proof of this observation is deferred te th

. 4 full version.
% 1
(Vier  Vi)Ni(B )+ Vgne(B ): 4 The Unit-Demand Domain

i=1
. In this section we consider the unit-demand domain. In this
Let B be the independent set output by the threshold Pri§§main there are agents, and a s&1 of m non-identical

algorithm. The value 0B is then at least items. Each agenthas a sef; M of desired items and

' ¥ 1 # receives a value of; for any itemj 2 T;. We assume that
(1=2) (Visr  Vi)Mi(B) +(1=2) vqmg(B): there is a constamtsuch thajT;j d, foralli, thatis, each
i=1 agent desires one of at makitems. An outcome is mapping

. _ _ ofagents to items, such that each agent is matched to at most
Thus, in order to prove that the threshold price algorithmdge item. In this casé; are all the outcomes in which
32(logk)-competitive, it suf ces to prove that the expectefs matched to an item iff;. We assume the valuas are
value ofm; (B) is within a8(logk) factor ofni(B ) for all - private information. If the sef§; are private information as
i 2 1;::;9. (Recall we lost a factor of two by comparing theue||, we say the domain is amknown single-valugJSV)
value of B with vi + :::+ vqinsteadvy + ::: + v¢.) The gomain.
casd = 1 is a special case. With probability4 the sample  The unit-demand domain is a matroid domain in which
does not contain the maximum-weight element but does cifjependent sets of agents formtransversal matroidof

on this event, with probabilit§=log(k) this second-highest

weight becomes the threshold price, in which case the al'BThe exchange property states that if A and B are two indepersigs

gorithm is guaranteed to select the element with weight ang A has more elements than B, then there exists an elemanfich is
Thuse(mi(B)) 1=(4logk) whereas;(B )=1. not in B and when added to B still gives an independent set.



matroid correspond to vertices on the left side)(of a CLAM 2. w(H) 4 E[w(ALG)], whereALG denotes
bipartite graphG = (L;R; E) (thus the size of the groundthe set of elements selected by the price sampling algarithm
setisjLj = n). AsetS L is independentf there is
a perfect matching o6 to nodes inR. The unit-demand
domain |sat.ransversal m.atr0|d domainin vyhlcis the set weight of ALG is E[W(ALG )] oy 154 w(l) =
of agentsR is the set of items, and there is an edge frorln_
[2Ltor 2 Rifr 2 T,. The bound on the number of item:s_4 W(H).

I Forl 2 H, letr 2 R be a right node witth(r) = |

32 e;ggr:)tf(;i5|:]e05 dter?i;] S?;(ZSV;?UZ 2?:220:“]2];;2?%?:'3 (I is the highest weight neighbor 0j. We show that with
9 y i 9 P probability at leastl=4, | comes after the sample and the

to the weight of the node2 L and is denoted bw/(l). only element that can be matchedrtas | = h(r). If r has

We st present add-approximation algorithm to theﬁ1r1ly one neighbor, this clearly holds (with probability2, |

matroid secretary p.roblem for transversal _matr0|d_s Wil - es after the sample). Otherwise d@t) be the neighbor
left-degree at mostl; we later show that this algorithm ) . :
fr with second to maximal weight.

also creates a truthful online mechanism for the USV unﬂ Let A andB be the events thdt(r) was not sampled

demand domain. The algorithm is as follows. ands(r) was sampled, respectively. Th@T(A A B) =
Price Sampling Algorithm: Pr(B) Pr(AjB) = & ns= dn;2e nin:lZe > 1=4.
Observes = dn=2e elements without picking ar]yThus with probability at least=4, h(r) was not sampled and

element, and I8 L be the set of observed elementS(f) was sampled. This implies that with probability at least
(S is called the sample). For a right node2 R, 1:_4, I(r) = s(r) anq whenh(r) arrives after the sample,
letl,(r) 2 S be the sampled left node with maximal 'S unmaiched. This means that2 R (h(r)) and thus

weight that is a neighbor af Let the price of 2 R be R (h(r)) is not empty, therefore whdr= h(r) arrives after
w(l (r)). the sample, it will be matched by the algorithm.

Proof. ForeacH 2 H we prove that with probability at least
1=4, | is matched by ALG. This implies that the expected

Attimet = s+ 1;:::;n we observe elemert2 L By the two claims we derive thav(OPT) d

with weightw(l). LetR (I) be the set of unmatched(H) 4d E[W(ALG)] which concludes the proof of the
neighbors ofl with price lower thanw(l). If R (1) is theorem.

not empty, match to the node with the lowest price in ~ We next observe that the above algorithm creates a
R (). truthful mechanism for the unit demand matroid domain
éeven without the bounded degree assumption), in the USV

THEOREMA4.1. For any transversal matroid with bounde . X Cs S ; :
case in which the set of desired items is private information

left degreed, the above algorithm is 4d-approximation.
. . Lo THEOREM4.2. For any unit demand matroid domain with
Proof. Let OPT be a maximuysn weight matching in the . :
graph, with weighw(OPT) = = 1, omr (). For a right a bound ofd on the number of items an agent desires, the

noder 2 R, letw(m(r)) be the weight of the element that;’lbo.ve IS a truthfu! me_chanlsm for t.he USV model, and it
chievegld-approximation to the social welfare.

is matched tq_n,in OPT (0if no node is matched). Note thaf
w(OPT) = | ,gw(m(r)). Additionally, for each right Proof. We need to show that the mechanism is truthful, both
noder 2 R, let h(r) be the neighbor of with maximal with respectto the value and with respect to the set of disire
weight (w.l.o.g.p has neighbors). Letl = fh(r)jr 2 Rg items. Clearly, any agent in the sample has no incentive to
andletw(H) =, w(l). lie, as his utility is O for any declaration. An agent that@ n

in the sample is facing the following problem: given prices
CLaM 1. w(OPT) d w(H). for each item, pick a desired item that has minimal price and

Proof. is not taken yet, and pay its price. Clearly being truthful
X about this item will maximize the agent's utility (he answer
wW(OPT) = w(m(r)) a demand query).
R
h Note that the mechanism need not solicit the value and
w(h(r)) desired items of agents not in the sample. Such agents can
r2 simply be presented with item prices and be allowed to pick
d w(l) the item which maximizes their utility.
12H
= d w(H) 5 Graphic Matroids
P
where |, w(h(r)) ng 2y W(I) as each 2 H In this section we considggraphic matroids In a graphic

appears at mosttimesin _, w(h(r)). matroid, a matroid element corresponds to an edge E



of an undirected grap®(V;E). A set of edgesS E probability at leastl=8, | comes after the sample, the only
is independentf it does not contain a cycle. We denotelement that can be matchedts | = h(r), and matching
JEj = n. tor will not close a cycle irG. (Note that these if these three
We next present 46-approximation algorithm for this criteria hold, then the algorithm seledt} If r has only one
family of matroids based on a modi cation of the algorithmeighbor, this clearly holds, because with probabilit, |
for transversal matroids. Given a gragh= (V;E), we comes after the sample; alsi the only element that can be
create a bipartite grapB° = (L;R; E 9 by mapping each matched ta, and matching it t# never closes a cycle i@
edgee = (v;u) 2 E, to a left node which we denote bybecause has degreé&. Otherwise, ab= n, for some node
Ny 2 L. We map each node?2 V, to arightnodas 2 R. u (i.e., | is an edge inG, incident onr and one more node
This creates a one-to-one mapping from edges and nodgdet s(r) ands(u) be the two maximal weight neighbors
in G to left nodes and right nodes @° respectively. For — aside froml — of r andu, respectively.
each node,, 2 L, there are two edgg$,;v) 2 E%and Let A be the event thalt was not in the sample, and
(nyu;u) 2 EC GUis a bipartite graph with left degree 2. let B andC be the events that(r) ands(u), respectively,
Any treeT in G corresponds to a matching in t&® were in the sample. Lex = A ~B ~ C. Then
each edge = (v;u) 2 T is matched to a node as followsPr(X) = ~ = 11 n— > 1=8. Thus with probability
We pick a node and look at the tree as rootedratAssume at least1=8, h(r) was not sampled ang(r) ands(u) were
that for an edgee = (v;u) 2 T, u is closer tor then sampled. This implies that with probability at ledst8,
v, then we match the edge to On the other hand, notel (r) = s(r) and whenh(r) arrives after the sample, is
that a matching inG® might correspond to a cycle in G:unmatchedR (h(r)) is not empty). Moreover, matching
given a triangle, x an orientation and match each edge taannot close a cycle, dsis the only possible matching
its left node. This implies that if we ran the algorithm foethto bothr andu when the evenK happen, so both are not
transversal matroids oB8° we might get a matching iG° matched yet, but to close a cycle every node in the cycle
that corresponds to cycle (&. must be matched (on a cycle bfedges there are nodes).
To overcome this problem we modify the algorithm fofhus, when the everX happens = h(r) arrives after the
transversal matroids as follows: if an edgeu) 2 E, that sample and will be matched by the algorithm.
corresponds to a left node, 2 L will close a cycle inG Finally, note that the algorithm with the de ned pay-
(when added to the already matched edgeS)nit cannot ments creates a truthful mechanism with respect to the val-
be matched (even if it beats the price of one of its endpaintsgs, as exactly the same arguments that prove that the
transversal matroid mechanism is truthful still hold.
THEOREMb.1. For any graphic matroid the algorithm is a

16-approximation. Moreover, the algorithm with the de netB Truncations of Matroids
payments creates a truthful mechanism.

Truncation is an operation which decreases the rank of a ma-
Proof. Let T be a maximum weight tree in the gra troid by throwing away all independent sets whose cardinal-
with weightw(T ), and letOPT be a maximum weight ity exceeds a speci ed limit. In a matroid domain, this cerre
matching in the graplG® with weightw(OPT). As we sponds to a sort dimited-supplyassumption: we modify the
have shown that any tree & corresponds to a matching inoutcome set by eliminating all outcomes which satisfy more
G w(T ) w(OPT). We next boundv(OPT) by the than a speci ed number of agents. A motivating example is
weight of the matching picked by the algorithm. atruncated partition matroidi.e. the matroid whose ground

of r with mqgimum weight. LeH = fh(r)jr 2 Rg, and independentsets are all the subsets which have atmsbet
letw(H) = |, w(l): By Claim 1 in Section 4, we havements and intersect each piece of the partition in at most one
w(OPT) 2 w(H): element. Truncated partition matroids correspond to the fo
Now let ALG denote the set of edges selected by thaving natural selection problem: a department has the op-
algorithm. To nish proving the theorem, it suf ces to proveportunity to hire up ta new faculty members, subject to the
thatw(H) 8 E[w(ALG)]; as this implies that constraint that no two new hires should belong to the same
sub eld.
w(T ) w(OPT) 2 w(H) 16 E[w(ALG)]:
DEFINITION 1. LetM = (U; ) be a matroid of rank, and
In fact, we will prove the stronger assertion that for eadét r be a number less than or equal ko The truncation
| 2 H, with probability at leastl=8, | is selected by the (M) = (U; (1)) is the matroid whose collection of
algorithm. independent sets consists of all setsl irwith at mostr
Forl 2 H, letr 2 R be a right node witth(r) = | elements. ID is a matroid domain with outcome set then
(I is the highest weight neighbor oj. We show that with (D) is the domain obtained by deleting all outcorhe3



which satisfy more than agents. DEFINITION 3. If X is a set andp 2 [0; 1], then X (p)

The following theorem provides a general reductioq]emtes the random subsetfobtained by sampling each

from the secretary problem for a matrditl to the secretary element independently with probability

problem for any truncation o, at the cost of a constantr,, following theorem is proved by Karger in [9]:

factor in the competitive ratio. Since we know, for example,

that partition matroids have aacompetitive algorithm (run THEOREM6.2. Let M be a matroid with ground set

an independent copy of the original secretary algorithm which each element has been assigned a real-valued
on each piece of the partition) this implies in particulaveight. Ifp > 0andT is a maximum-weight independent
that truncated partition matroids have a constant-coniyeeti subset olJ(p) then for any numbet > 0, the probability
algorithm. that more than(1 + ")r=p elements improv& is at most

n2,._ n .
THEOREM®G6.1. LetM = (U; 1) be a matroid. IfALGis a exp r=2(1+") :

c-competitive algorithm for thé/ -secretary problem, thenginally, we shall need the following form of the Chernoff
there is another algorithm, (ALG) for the (M )-secretary phound, which can be found in [13].

problem whose competitive ratio is at moasax(13c;400).

If D is a matroid domain and there is a truthful mechanishHEOREM6.3. Let  X1;X32;:::;Xm be independent
for D with approximation ratioc and allocation ruleALG, Bernoulli random variables. Then fox = = 1, X;,
then there is a truthful mechanism for(D) with approxi- = E[X],and0<" 1,

mation ratio at mostnax(13c;400) and with alloction rule . -

 (ALG). PriX < (1 ) 1< exp( =2):

Proof. Without loss of generality, we may assume tAaG Let u be a sample from the binomial distribution

never selects an element whose valu@.igOtherwise we B (n; 3=4). The subseU U consisting of the rstu el-

may modifyALG, without changing its competitive ratio, byements observed in the input has the same distribution as
throwing away elements with zero value.) We will provthe random subséti(3=4). (Both subsets have cardinality
the theorem by reducing the (M )-secretary problem to distributed asB (n; 3=4), and both of them are uniformly-
the M -secretary problem using Karger's matroid samplirgjstributed conditional on their cardinality.) L& be the
theorem [9]. This reduction will be achieved using an onlinaaximum-weight independent subsetbin (M), and let
procedure for mapping any input instance to a modi ed denote the set of all elementsdfnB that improveB in
instance in which each element's value is either unchange@M ). De ne the modi ed value of an element 2 U to
orreduced t®. With constant probability, the modi ed inputbe:

instance will satisfy three properties: W(x) = w(x) ifx2A

1. The value of its maximum-weight basis is at least a 0 otherwise

constant fraction of the value of the original maximunl-et OPT, (M) denote the maximum-weight basis efM ):

weight basis of ; (M). The elements dDPT, (M) improve all independent sets [9];
2. The number of elements with nonzero modi ed value this fact is an easy consequence of the matroid axioms.
at mostr. ConsequentlyOPT, (M) A [ B, and the elements

3. Conditional on the modi ed values of all elementxf OPT,(M) are randomly assigned to eithér or B,
the order in which they appear in the modi ed inpuindependently, with probabilities=4 and3=4, respectively.
instance is random. This implies the following:

The second property (along with our assumption thaG 1. The probability thajA \ OPT,j < r=6 is at most
never selects an element of valdeensures that the set of exp( r=72). (By Theorem 6.3 with = ;" = 3:)
elements selected b&LG will be independent in;(M). 2. The probability thajB \ OPT,j < r=2 is at most
The rst and third properties (along with our assumptiorttha  exp( r=24): (By Theorem 6.3 with = 37“;" =3)
ALG is c-competitive) ensure that the expected value of the8. The probability thatjA [ Bj > 3r=2 is at most
elements in this set is a constant fraction of the value of the exp( r=144). (By Theorem 6.2 with = %:

maximum-weight basis of (M): Assumer > 144— otherwise we can simply run Dynkin's

We begin by recalling the following pair of de nitionsge retary algorithm to select the maximum-weight element
from [9]. of U with probability at leastl=e, and this algorithm will
DerINITION 2. If T is an independent set in a matrdd, have a competitive ratio of at mos#ide, which is less than
and x is any element of the ground set M, we sayx 400 Given thatr > 144, it means that the probability
improvesT if x belongs to the maximum-weight independetiiat any of the events (1)-(3) occur is at mesp( 2) +
subset off [f xg: exp( 6) + exp( 1) < 0:51 Let E denote the event that



none of (1)-(3) occur. Note theE implies jBj r=2 The reduction from; (ALG) to ALG preserves monotonicity,
andjA [ Bj 3r=2, hencejAj r. For any integera, so ;(ALG) will also be monotone. Then we can design a
conditional on the evenpA\ OPT,| = a, the sefA\ OPT,j truthful mechanism (M) using allocation rule ; (ALG);
is uniformly distributed over ala-element subsets @PT, the price charged to agentis O if the outcome does not
and thereforeE(w(A \ OPT,) j a) = (a=r)w(OPT,): satisfyi, otherwise itis the minimum value thia&vould have
Hence the expected value of the set OPT,, conditional to bid in order to get a satifying outcome.
onE, is at leasw(OPT, )=6.

Suppose that the elementsMf are presented t8LG
with their modi ed valueswW(x), in random order. LelT
denote the set of elements selectedAG and letR de-
note the maximum-weight independent subsefof(Note References
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A Some Counterexamples of selecting the unsafe elemenrt is bounded above by
r(E' _EP), which is at mos4-:

We have proven that for every consténtsv_ery single-
threshold algorithm has competitive ratio C) on the

. ) instance specied above. Hence there is no constant-
A.1 Single-threshold algorithms competitive single-threshold algorithm.

A single-threshold algorithm is any algorithm which has th8.2  The greedy algorithm
following format. It observes the input without making an
selections until it reaches a stopping timé At time
it computes a threshold valuewhich may depend on the
portion of the input observed thus far. After timet selects
every elemenk such that the value of is at leastv, andx
is independent of the elements previously selected.

Let m be a large positive integer. L& = (U;1) be
a partition matroid consisting of elements partitioned into

. . . - P
As evidence that Question 1 is non-trivial, we show two
natural generalizations of the secretary algorithm carbeot
constant-competitive for general matroids.

¥he natural generalization of the greedy algorithm for the
matroid secretary problem is the following. The algorithm
observes a constant fraction of the elements (the “sample”)
without making any selections. Afterward, it keeps track
of an independent set which is initially a maximum-value
independent subset of the sample. Whenever it is possible
to improve the value of the independent set by incorporating
the current element (and possibly swapping out one of the
elements of the sample) the algorithm selects the current
element and incorporates it into the independent set.

This algorithm is not constant-competitive, even when
the matroid is a graphic matroid, and next we illustrate a
counterexample: we present a family of graphs with size
ametrized bynm (n = 2m + 1), such that for any
ciently large graph in the family (for largen), the
gorithm is notC-competitive for the consta@ < 1.

C 1. AsetA U belongstd if jJA\ Sjj 1foralli.
Assign values to the elementsldfas follows. InS; there is
a single element (thgood elementf valuel=i and all other
elements (thdad elemenjshave valuel=Ci: The value of
the maximum-weight basis & isHy = (In( n=C)):

Suppose we are given a single-threshold algorithm, aﬁﬁ

. . . S .S

we run this algorithm on the input speci ed in the precedlng
paragraph. LeE(v) denote the event that the algorithm Let G = (V:E) be a graph with vertex se&¢ =
sets threshold valug. We will show that the expected]c L _ .

. i U;V; Wi, Wo;: i ;Wng and edge seE = f(u;v)g [
value of thg set selected by the algorithm, condmgned Ppu;wi); (Viw)ji = 1;2:::::mg: Assume we are given an
eventE(v), is at most 4+ & Hi +1In C + 1. First, arbitrarily small positive constarit> 0. Assign weights to
the combined value of the bad elements selected by the elements o by specifying thaw(u;v) = m + 1, that
algorithm is at mos%Hk: Second, call a good elemesdfe " <w (u;w;) < 2" for eachi, and thal" < w (v;w;) < 3"
if its value is betweery and Cv; otherwise call the goodfor eachi. For the pair of edge@u; w;) and(v;w;), we call
elemenlynsafe The combined value of the safe elements (&; w;) the light edge of the pair, an¢v; w;) the matching
atmost ,_, ; j-cy 171 1+In( 11:;0"\,) =Iln C+1: heavyedge of the pair. If the algorithm does not select edge

Finally we must bound the expected value of the go&d = (U; V) then its competitive ratio is at least3", since
unsafe elements selected by the algorithm. $ebe any it can select at mosh + 1 other edges and each of them has
piece of the partition whose good elemet, is unsafe. Let value less thaB":

E! be the event that; is among the nalb Cc elements of To prove the claim we show that the probability of
Si in the random ordering of the input. Note tiat( E') selectinge is arbitrarily small (tends to zero when tends
pL. If E! does not occur, then either there are fewer thémin nity). The idea is to show that conditional a& not
in the sample, the following event has high probability and
&psures thaée_sis not picked by the algorithm. The event
x; — or there are at least C elements ofS, which are Is that then<=> elements coming after the sample do not

unobserved at time. In this latter case, |eE? be the event include e and include a pair of matching edges that are

o _ picked by the algorithm. To show that this event is very fkel
tFt]re(‘tE‘XﬁJé_Si)t he nle:>g %l?wir;tﬁégsﬁgegl a;tcecru.ré\l Ottheet:(?t to happen we use the “Birthday Paradox” and show that with

will not be selected by the algorithm. This is because o irgh probabi_lity then?=? e_Ieme_nts coming after the sampl_e

assumption thax; is unsafe implies that either > 1=i, in are going to include apar oflight and heayy edges_, coming
which case the algorithm can not selrgtor thatv < 1=Ci, n th_|s order, and no_hght edge thaF has hlgher weight than
in which case the rst element & observed after time the light edge of maximum weight with matching heavy edge

is selected instead of;. We conclude that the probabilityIn th? sample IS ob§erved (as this light edgg is one afifie
maximum-weight light edges w.h.p.). This ensures that a
pair of matching edges is picked by the algorithm, preventin
9Note we allow the possibility that the algorithm uses infation about e to be selected
the elements observed up to timén deciding whether it has reached ‘

C elements ofS; which remain unobserved at time
— in which case the algogjthm has already failed to sel




